The theoretical formulation of x-ray resonant magnetic scattering from rough surfaces and interfaces is given for the diffuse (off-specular) scattering, and general expressions are derived in both the Born approximation (BA) and the distorted-wave Born approximation (DWBA) for both single and multiple interfaces. We also give in the BA the expression for off-specular magnetic scattering from magnetic domains. For this purpose, structural and magnetic interfaces are defined in terms of roughness parameters related to their height-height correlation functions and the correlations between them. The results are generalized to the case of multiple interfaces, as in the case of thin films or multilayers. Theoretical calculations for each of the cases are illustrated as numerical examples and compared with experimental data of mangetic diffuse scattering from a Gd/Fe multilayer.
I. INTRODUCTION
In the preceding paper, 1 we have developed the dynamical theory for x-ray resonant magnetic specular reflectivity using the self-consistent method in the distorted-wave Born approximation (DWBA). It is important to bear in mind, however, that specular reflectivity, which measures the density profile normal to the surface averaged over the in-plane directions, can yield only information corresponding to the root-mean-square roughness (or equivalently, the average width) of the interfaces. A more complete description of the morphology of the roughness can only be obtained from off-specular or diffuse scattering studies.
The first such studies of resonant x-ray magnetic diffuse scattering studies were carried out recently by MacKay et al. 2 From these measurements, quantities, such as the in-plane correlation length of the roughness, the interlayer roughness correlations and the roughness exponent, can be deduced. These quantities are of considerable importance. In the case of magnetic films, Freeland et al. 3 found little correlation of the variations in the magnetic coercive force H c for a variety of samples with the average roughness (chemical or magnetic) but a systematic dependence on the roughness correlation length. In the case of giant magnetoresistance (GMR) films, contradictory results have been found in studying how the magnitude of the GMR effect depended on the chemical roughness alone, and it is likely that the effect depends on a more detailed set of parameters related to the magnetic (as well as possibly the chemical) roughness. 4, 5 Barnaś and Palasantzas 6 have carried out calculations of the manner in which self-affine roughness at an interface affects electronic transport.
Methods were developed earlier to calculate analytically the offspecular components of the charge scattering of x-rays by rough surfaces and interfaces using the Born approximation (BA) and the distorted-wave Born approximation (DWBA). 7 We present here the generalization of these methods to the case of resonant magnetic x-ray scattering from surfaces or interfaces of ferromagnetic materials possessing both structural and magnetic roughness.
For this purpose, in the preceding paper 1 we have represented the deviations from a smooth magnetic interface in terms of a "rough" magnetic interface, distinct from the structural interface (but possibly correlated strongly with it), with its own self-affine roughness parameters and parameters representing the correlation of the structural with the magnetic roughness height fluctuations. Components of the magnetization at the interface, which are disordered on much shorter length scales, are ignored in this treatment, as they will scatter at much lager q-values than those of interest here. The BA results have been previously presented in an earlier publication 8 and already applied in interpreting x-ray resonant magnetic diffuse scattering measurements from magnetic multilayers. 9 We also note that the analogous case of off-specular neutron scattering by magnetic roughness was treated earlier by Sinha 10 and more recent treatment has been given by Toperverg.
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The plan of this paper is as follows. In Sec. II, we derive the expression for the magnetic scattering in the BA, which is presented here in detail for completeness, although a brief account has been published earlier. 8 In Sec. III, we discuss the magnetic diffuse scattering from magnetic domains in the BA. In Sec. IV, we present the derivation of the resonant magnetic diffuse scattering in the DWBA for a single magnetic interface and discuss numerical results. Finally, in Sec. V, we discuss the extension of the formalism to the case of diffuse scattering from magnetic multilayers and present some numerical results with experimental data from a Gd/Fe multilayer, which were analyzed earlier in the BA.
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II. RESONANT MAGNETIC X-RAY SCATTERING IN THE BORN APPROXI-
MATION
In Sec. III of paper I, 1 we discussed the dielectric susceptiblity χ αβ of a resonant magnetic medium. The resonant scattering amplitude density can also be given by
where α, β denote Cartesian components, A, B, C are the energy-dependent parameters defined in Eq. (2.3) of paper I, 1 and M α is the α-component of the unit magnetization vector of magnetic atoms. We may write an effective total electron number density function
and write
3) whereB = B/r 0 ,C = C/r 0 .
Let us consider the cross section for scattering for a photon from a state |k i , µ > to a state |k f , ν >, where (k i , µ), (k f , ν) represent, respectively, the wave vector and polarization state of the incident beam and those of the scattered beam. This is given by
where < · · ·|T | · ·· > denotes the matrix element of the scattering from the interface(s). Let us define axes as shown schematically in Fig. 1 , where the z-axis is normal to the average plane of the interface. In the Born approximation (BA), the matrix element can be written
whereê ν ,ê µ are the photon polarization vectors corresponding to the final and incident photon state, respectively, and
where
We now restrict ourselves to the simplified model discussed in Sec. II of the paper I, 1 of a single interface between a magnetic and a nonmagnetic medium with a chemical (or structural) interface defined by a height z c (x, y) and a magnetic interface defined by a height z m (x, y). In accordance with previous approximations valid for small q ≪ a −1 , where a is an interatomic spacing, we may assume ρ eff (r) constant with the value ρ 1 for z < z c (x, y) and the value ρ 2 for z > z c (x, y), and n m (r), M(r) constant for z < z m (x, y) and zero for z > z m (x, y). In this case, after carrying out the z-integration, Eq. (2.7) simplifies to
where q and ρ are in-plane components of q and r, respectively. Let us denote the heights
Then from Eqs. (2.4) and (2.6) we obtain
Except in cases where the incident x-ray beam is coherent over the sample, we may introduce the usual statistical configurational averages to evaluate S ij to obtain
where A is the illuminated surface area, 
14)
and σ c , σ m are the root-mean-squared chemical (structural) and magnetic roughnesses, respectively. Equation (2.13) contains expressions for both the specular scattering (arising from the δ-function containing terms in S ij ) and the diffuse (or off-specular) scattering, which include both charge and resonant magnetic scattering.
Collecting the specular terms, we obtain dσ dΩ
where 
The explicit expressions for the specular reflectivity and diffuse scattering from a rough surface in the BA for specific directions of the magnetizations and the photon polarizations are given in Appendix A.
Let us now consider a multilayer with N interfaces (N − 1 layers). Each layer can be characterized by its effective total electron number density ρ n for each layer, and by resonant magnetic scattering amplitude densities n m,nBn , n m,nCn and magnetization vectorM n for resonant magnetic layers. The n-th interface lies between the n-th and (n + 1)-th layers, and its average height is denoted byz n , as shown in Fig. 2 .
The specular reflectivity from a multilayer with N interfaces can be then expressed as
The diffuse scattering from a multilayer may be also expressed as
and the cross-correlation functions between the n-th and n ′ -th interfaces are defined by
Here δz c,n , δz m,n are the height deviations from the average heights of the n-th structural and magnetic interfaces, respectively. We also allow for the possibility of a finite separation ∆ n between the n-th structural and magnetic interfaecs, as shown in The Born approximation also allows one to include explicitly the effects of a graded rather than sharp (but rough) magnetic interfaces, i.e., where the magnetization in the resonant medium is not uniform but decays towards the interface. Let us suppose that in the vicinity of a particular interface, the magnetization component M α (r) decayed with an envelope function Φ(x, y, z) (we assume this is independent of the component α). The height of the magnetic interface z m (x, y) can then be defined at the lateral position (x, y) as the position of the point of inflection of Φ, i.e., where
∂z 2 Φ(x, y, z) = 0. If we assume that the function Φ(x, y, z − z m (x, y)) is independent of (x, y) and can be written as Φ(∆z), then we can define a form factor ϕ(q z ) by
Then the effect of the graded interface can be introduced by simply multiplying S cm in Eq.
(2.12) by ϕ(q z ) and S mm by |ϕ(q z )| 2 . The generalization to the case of multiple interfaces in Eq. (2.22) is obvious.
We should mention, however, that in this case σ m in Eqs. (2.12) and (2.22) represents purely rough interfacial width rather than the total interfacial width at the magnetic interface. The latter includes the effects of both graded interface due to interdiffusion and interfacial roughness, and specular reflectivity discussed in the preceding paper 1 provides only this total interfacial width. On the other hand, since the correlation functions in Eqs.
(2.15) and (2.23) contains only pure roughness diffuse scattering allows one to distinguish pure interfacial roughness from the graded interface.
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III. MAGNETIC DIFFUSE SCATTERING FROM MAGNETIC DOMAINS IN THE BA
For an unmagnetized or patially magnetized film, there will exist magnetic domains which can give rise to off-specular (diffuse) magnetic scattering even in the absence of magnetic roughness. There are two cases to consider:
(I) If the typical lateral size of the domains is larger than the lateral coherence length of the x-ray beam on the surface of the film, then the scattering will be the sum of the scattering from the magnetized regions. If there is no net magnetization, the terms linear in the magnetization which appear in the interference between the charge and magnetic scattering in Eqs. (2.18) and (A9) will cancel out. In particular, if we neglect the other terms [withoutC in Eq. (A9)] there will be no magnetic contribution to
Domain scattering will not manifest itself in the off-specular scattering as the length scale invloved will be too large for the q at which it would occur to be resoved from the width of the specular reflection. Then if we assume that the function p(x, y) is uncorrelated with structural features at the interface such as the structural rouhness, we can define a statistical two-dimensional domain correlation function
which is analogous to the Debye correlation function for a three-dimensional porous medium.
This is related to the probability that a vector (X, Y ) on the surface has one end in one domain and the other end in a similarly oriented domain. Then the expression for S ij in Eq.
(2.12) with i, j = m must be modified to
while S cc , S cm are unmodified. In particular, if we neglect magnetic roughness and consider "only" domain effects,
3)
which will give rise to magnetic domain scattering from an otherwise smooth surface.
A common approximation for random domains and sharp walls γ d (X, Y ) = e −R/a , where a is the average domain size, yields
From Eq. (2.10) we see that such domains will give magnetic off-specular scattering which will behave asymptotically as q −3 which is the two-dimensional analogue of Porod scattering from random smooth interfaces.
IV. DIFFUSE SCATTERING FROM A SINGLE MAGNETIC INTERFACE IN THE DWBA
The diffuse scattering in the distorted-wave Born approximation (DWBA) can be given, from Eq. (4.13) in the preceding paper, 1 by
where T f i =< k f , ν|T |k i , µ > is the scattering matrix element with the vector fields |k i , µ > and |k f , ν >, which were defined in Eqs. (4.4) and (4.10) of paper I. 1 As shown in Eq.
(4.14) of paper I, 1 < k f , ν|T |k i , µ > can be approximated in the DWBA by the sum of three matrix elements involving χ (0) , ∆ c , and ∆ m , which represent an ideal system with a smooth interface and perturbation on χ (0) due to structural (chemical) and magnetic roughnesses, respectively, as defined in Sec. IV of paper I. 1 Bearing in mind that the first term involving χ (0) vanishes for diffuse scattering, the remaining terms involving only perturbations ∆ c and ∆ m contribute to diffuse scattering, and their matrix elements are evaluated with the vector 
2) are 2 × 2 matrices denoting the transmission coefficients for (−k f ) and k i waves in Fig. 1, respectively , from the average smooth interface. Their explicit forms for small angles (θ 2 i ≪ 1 for the incidence angle θ i ) and M x were given in Appendix A of paper I. 1 We note that because of the continuity of the wavefields [see Eqs. (4.5) and (4.11) of paper
Substituting in Eq. (4.1) and carrying out the statistical average over the interface, we obtain dσ dΩ
γδ e k ′ δ U mm
γδ e k ′ δ U cm + c.c. ,
and
In Eq. For circularly polarized incident x-rays withê
intensities without polarization analysis for the outgoing beam can be evaluated as
We shall now illustrate numerical examples calculated again for a Gd surface with various structural and magnetic roughnesses and magnetizations along thex-axis. Here, we have used the height-height correlation functions introduced by Sinha et al. 7 for self-affine fractal interfaces, i.e.,
where ξ c and ξ m are the lateral correlation lengths of the roughnesses at the structural and magnetic interfaces, respectively, and h is the roughness exponent describing how jagged the interface is. For the cross-correlation function between the structural and magnetic interfaces separated by a magnetically dead layer, as shown in Fig. 1 , the Schlomka et al.
13
expression was used:
where ξ ⊥,cm is the vertical correlation length between the structural and magnetic interfacial roughnesses separated spatially by ∆. Figure 3 shows the calculations of x-ray resonant magnetic diffuse scattering intensities at the Gd L 3 -edge from Gd surfaces with different roughness parameters. In Fig. 3 These vetical correlations are related mainly to the interference term, (I + − I − ), as shown in Fig. 3(c) , where circles represent a complete vertical correlation (ξ ⊥ = ∞).
In order to show the effect of the lateral correlation lengths, we have also calculated transverse (or rocking curve) diffuse scattering intensities, where the widths of the diffuse parts depend primarily on the lateral correlation lengths ξ. and then should be between ξ c and ξ m . This can be clearly seen in Fig. 3(b) and (d).
V. DIFFUSE SCATTERING FROM MULTIPLE MAGNETIC INTERFACES IN THE DWBA
For a multilayer with multiple interfaces, following the representation for a single surface taken in Sec. IV of paper I, 1 each layer can be characterized by its dielectric susceptibility tensor χ αβ,n for the n-th layer, which can be χ αβ,n = χ n δ αβ for nonmagnetic (isotropic) layers and χ αβ,n = χ n δ αβ + χ
αβ,n for magnetic (anisotropic) layers, as defined in Eq. (3.5) of paper I. 1 The solution for the electric fields inside the n-th layer in the case of the "smooth" interfaces can be given by
where the amplitudes T for an incident wave with vector (−k f ) and polarization ν can be also given by 
αβ,n ),z n + δz m,n (x, y) < z <z n if δz m,n (x, y) < 0, = 0 elsewhere, (5.6) δz c,n (x, y) and δz m,n (x, y) denote the height deviations of the n-th structural and magnetic interfaces from the average heightz n , respectively.
To calculate the diffuse scattering from multilayers, in the spirit of Ref. 7 we assume again for both E n (k i , µ) and E T n (−k f , ν) inside each layer the functional forms in the n-th layer, wherez n < z <z n + δz (c,m),n (x, y) for δz (c,m),n (x, y) > 0, analytically continued to those in the (n + 1)-th layer, wherez n + δz (c,m),n (x, y) < z <z n for δz (c,m),n (x, y) < 0. Evaluating < k f , ν|T |k i , µ > from Eq. (4.14) of paper I 1 without the first term on the right side and substituting Eqs. (5.5) and (5.6) give
Substituting in Eq. (4.1) and carrying out the statistical average over the interfaces, we finally obtain
For circularly polarized incident x-rays, the scattering intensities without polarization analysis for the outgoing beam can be also evaluated using Eqs. (4.8) and (4.9).
We shall now illustrate numerical examples calculated for a multilayer with N interfaces.
For the calculation of diffuse scattering intensities, we have assumed again the self-affine fractal interfaces for the height-height correlation functions. 7 For the cross-correlation function between the n-th and n ′ -th interfaces, the Schlomka et el. 13 expression was extended as
where C cc , C mm , and C cm are the cross-correlation functions for structural-structural, magnetic-magnetic, and structural-magnetic interfaces, respectively. Again, ξ ll ′ represents the lateral correlation lengths, h ll ′ the roughness exponents, and ξ ⊥,ll ′ the vertical correlation lengths between different interfaces, respectively. In order to compare our dynamical theory with experimental data, we used the same experimental data as that in Ref. 9 , where the experimental data were fitted using the kinematical calculations. Figure 5 shows the measured sum (a) and difference (b) of opposite photon helicity rocking curve data (circles), as presented earlier in Fig. 4 
VI. CONCLUSIONS
We have shown in this paper and the preceding paper I 1 that one can generalize the con- In order to obtain explicit expressions for the scattering intensities in Eqs. (2.16) or (2.18), the polarization-dependent terms denoted by Eq. (2.9) should be calculated for a given scattering geometry. 16 We here consider a common scattering geometry where k i , k f are both in the x − z plane (i.e., no out-of-plane scattering), as depicted in Fig. 1 , and
µ, ν represent the incident and final photon state, and θ i , θ f are incident and scattered angles, respectively. Now we redefine G c and G m in Eq. (2.9) in terms of G 1,2,3 , which are more convenient for explicit calculations, by
Inserting Eq. (A1) in Eq. (A3) , we obtain
where the first and second indices of the superscripts represent the polarizations of the incident and final photon states, respectively. The offspecular scattering can be then expressed explicitly from Eq. (2.18) by We also consider the case where the difference between the scattering intensities for right-(ê + ) and left-(ê − ) circularly polarized incident x-rays is measured (mostly for ferromagnetic systems). From Eq. (A1), the circular polarization vectors are given bŷ e ± (µ) = 1 √ 2 (ê σ ± iê π (µ)) = 1 √ 2 (ŷ ± i(x sin θ i +ẑ cos θ i )),
and, inserting these in Eq. (A3), we obtain 
Since the difference of the scattering intensities between positive and negative helicity of circularly incident polarization without polarization analysis for the outgoing beam can be evaluated as where the angles are in radians.
